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Two different sources of emergent gravity lead to the inverse square of length dimension of metric
field, [gµν ] = 1/[l]
2, as distinct from the conventional dimensionless metric, [gµν ] = 1, for c = 1.
In both scenarios all the physical quantities, which obey diffeomorphism invariance, such as the
Newton constant, the scalar curvature, the cosmological constant, particle masses, fermionic and
scalar bosonic fields, etc., are dimensionless.
PACS numbers:
I. INTRODUCTION
:
There are several scenarios of emergent gravity. Grav-
ity may emerge in the vicinity of the topologically stable
Weyl point1–5; the analog of curved spacetime emerges
in hydrodynamics with the so-called acoustic metric for
the propagating sound waves6; etc. Here we consider
two very different scenarios, which however have unusual
common property: the tetrad fields in these theories
have dimension of inverse length. As a result all the
physical quantities which obey diffeomorphism invariance
are dimensionless. This was first noticed by Diakonov7
and Vladimirov and Diakonov (VD)8,9 in the scenario,
where tetrad fields emerge as bilinear combinations of the
fermionic fields. Tetrads with dimension of inverse length
emerge also in the model of the superplastic vacuum10,11.
II. TETRADS AS BILINEAR COMBINATIONS
OF FERMION FIELDS
:
In the theory by Vladimirov and Diakonov (VD)7–9 the
tetrads are composite fields, which emerge as the bilinear
combinations of the fermionic fields:
eAµ = i
〈
ψ†γA∇µψ +∇µψ†γAψ
〉
. (1)
This construction is similar to what happens in the spin-
triplet p-wave superfluids in the 3He-B phase12. In
the VD scenario two separate Lorentz group of coor-
dinate and spin rotations is spontaneously broken to
the combined Lorentz symmetry group, LL × LS → L.
In the same manner in 3He-B the symmetries under
three-dimensional rotations in orbital and spin spaces are
broken to the symmetry group of combined rotations,
SO(3)L × SO(3)S → SO(3)J .
Formation of tetrads spontaneously breaks both the
symmetries under discrete coordinate transformations
PL = (r→ −r) and TL = (t→ −t), and also the discrete
symmetries in spin space, PS and TS. The symmetry
breaking scheme PL × PS → P and TL × TS → T leaves
the combined parity P and the combined time reversal
symmetry T .
The VD symmetry breaking mechanism can be impor-
tant for the consideration of the Big Bang scenario, in
which the gravitational tetrads change sign across the
singularity, eAµ (τ,x) = −eAµ (−τ,x)13,14. The singularity
can be avoided by formation of the bubble with a van-
ishing determinant of the metric15,16, which would cor-
respond of the vacuum state with unbroken symmetry,
i.e. with zero tetrad field, eAµ = 0. On the other hand,
the Big Bang can be considered as a symmetry breaking
phase transition LL × LS → L, at which the symmetry
between the spacetime with e > 0 and anti-spacetime
with e < 0 is spontaneously broken, where e is the tetrad
determinant.
Correspondingly, in superfluid 3He the formation of the
p-wave order parameter spontaneously breaks the sym-
metry under coordinate transformation r → −r. The
VD scenario has also the connection to the chiral 3He-A
phase: in both systems the topologically protected Weyl
fermions emerge, which move in the effective tetrad field5.
According to Eq.(1), the frame field eAµ transforms
as a derivative and thus has the dimension of inverse
length, [eAµ ] = 1/[l] (it is assumed that ψ is scalar un-
der diffeomorphisms)7,8. The dimension of the metric is
[gµν ] = 1/[l]
2. For Weyl or massless Dirac fermions one
has the conventional action:
S =
∫
d4x|e|eAµ (ψ†γA∇µψ +H.c.) . (2)
The action (2), when expressed in terms of the
Vladimirov-Diakonov tetrads, is dimensionless, since
[e] = [l]−4, [eAµ] = [l] and [ψ] = 1. This suggests that
the VD dimension of tetrads is natural, and the tetrads
emerging for example in the chiral Weyl superfluid 3He-
A and in Weyl semimetals may also have the dimension
1/[l].
III. ELASTICITY TETRADS OF
SUPERPLASTIC VACUUM
:
2The elasticity tetrads describe elasticity
theory10,11,17–19. In conventional crystals they are
gradients of the three U(1) phase fields XA, A = 1, 2, 3,
e Aµ (x) = ∂µX
A(x) . (3)
The surfaces of constant phases,XA(x) = 2pinA, describe
the system of the deformed crystallographic planes. Be-
ing the derivatives, elasticity tetrads have also canoni-
cal dimensions of inverse length. This allows us to ex-
tend the application of the topological anomalies. For
example, the Chern-Simons term describing the 3+1 in-
trinsic quantum Hall effect becomes dimensionless. As
a result, the prefactor of this term is given by the inte-
ger momentum-space topological invariants in the same
manner as in the case of 2+1 dimension. In principle,
the elasticity tetrads can be used as the gravitational
tetrads for the construction of gravity in the model of
the 3+1 vacuum as a plastic (malleable) fermionic crys-
talline medium with A = 0, 1, 2, 320,21.
IV. DIMENSIONLESS WORLD
:
In this superplastic vacuum based on elasticity tetrads,
all the physical quantities become dimensionless11. The
reason for that is that in the superplastic vacuum, which
can be arbitrarily deformed, the equilibrium size of the
elementary cell is absent, and thus the microscopic length
scale (such as Planck scale) is absent. That is why all the
distances are measured in terms of the integer positions
of the nodes in the crystal. As a result, the gravitational
constant K (inverse Newton constant), the scalar curva-
ture R, the cosmological constant Λ, and particle masses
M become dimensionless11.
The same is valid for gravity in terms of the
Vladimirov-Diakonov tetrads, where as they wrote ”all
world scalars are dimensionless, be it the scalar cur-
vature R, the interval ds, the fermion field ψ, or any
diffeomorphism-invariant action term”8. The particle
masses M (or mass matrices) are also dimensionless.
When the conventional mass term in the Dirac action
S =
∫
d4x|e|Mψ†ψ , (4)
is expressed in terms of the VD tetrads, then from [e] =
[l]−4 and [ψ] = 1 one obtains [M ] = 1.
Correspondingly, for bosonic scalar field
S =
∫
d4x
√−g (gµν∇µΦ∇νΦ+M2Φ2) , (5)
one has [
√−g] = [l]−4, [gµν ] = [l]2, [Φ] = 1 and [M ] = 1.
In particular, the action for the Bose condensate phase
Φ in superfluid 4He contains the effective acoustic metric
with
√−g = (n/mc2)2, where n is particle density, m
is the mass of 4He atom, and c is the speed of sound5.
This gives [
√−g] = [l]−3[t]−1. The same is for the effec-
tive metric for the propagating Goldstone modes of the
coherent spin precession22, and actually for any Gold-
stone mode with linear spectrum. Note that when c and
~ are incorporated into the tetrad fields and thus to the
metric, these quantities do not enter explicitly into the
diffeomorphism-invariant action23.
V. CONCLUSION
:
In both scenarios of emergent gravity, the dimension-
less physics is supported by the invariance under diffeo-
morphisms. In the VD theory this invariance is assumed
as fundamental. In the superplastic vacuum, the diffeo-
morphism invariance corresponds to the proposed invari-
ance under deformations of the 4D crystal. All this sug-
gests that the dimensionless physics can be the natural
consequence of the diffeomorphism invariance, and thus
can be the property of the gravity, which we have in our
quantum vacuum.
Note the difference with the conventional expression
of the physical parameters in terms of the Planck units,
where the Newton constant G = 1, and all the phys-
ical quantities also become dimensionless. In this ap-
proach the masses of particles are expressed in terms of
the Planck energy, which is assumed to be the fundamen-
tal constant. However, in principle the Planck energy or
the Newton constant may depend on the trans-Planckian
physics, and thus can (and should) be space and coor-
dinate dependent (see, e.g. the time-dependence of G
in the so-called q-theory, when G approaches its asymp-
totic value in the Minkowski vacuum24). On the con-
trary, in the Vladimirov-Diakonov approach the “funda-
mental constants“ do not exist, and only dimensionless
ratios and the topological quantum numbers make sense.
Then, instead of the fundamental constants, the most
stable physical quantities should be used. The masses of
particles or the Newton and cosmological “constants“ can
be expressed for example in terms of the Bohr radius8.
Note that in the modified gravity theories, such as the
scalar-tensor and f(R) theories (see e.g.25), the effective
Newton “constant“ G can be space-time dependent, and
thus is not fundamental.
The dimensionless physics emerging in the frame of the
Vladimirov-Diakonov dimensionful tetrads leads in par-
ticular to the new topological terms in action, since some
of the dimensionless parameters appear to be the integer
valued quantum numbers, which chacterize the topology
of the quantum vacuum. This can be seen on example
of the 3+1 dimensional quantum Hall effect in topolog-
ical insulators10,11,26. When the Chern-Simons action is
written in terms of the elasticity tetrads with [eAµ ] = 1/[l],
its prefactor becomes dimensionless and universal, being
expressed in terms of integer-valued momentum-space in-
variant.
The relativistic example of such phenomenon is the
3chiral anomaly in terms of the torsion fields suggested by
Nieh and Yan27–29. For the conventional torsion and cur-
vature in terms of the conventional dimensionless tetrads,
the gravitational Nieh-Yan anomaly equation for the non-
conservation of the axial current
∂µj
µ
5 = λ
2
(T A ∧ TA − eA ∧ eB ∧RAB) , (6)
contains the nonuniversal prefactor – the ultraviolet cut-
off parameter λ with dimension of inverse length, [λ] =
1/[l]. Because of such prefactor, the Nie-Yan contribu-
tion to the anomaly is still contentious and subtle (see
recent literature30–35). This is because the nonuniver-
sal parameter may depend on the spacetime coordinates,
which explicitly violates the topology. However, in terms
of Vladimirov-Diakonov tetrads, the dimension of torsion
becomes [TA] = 1/[l]2, and as a result the prefactor λ be-
comes dimensionless, [λ] = 1. The latter suggests that
the prefactor is universal, and thus properly reflects the
topology of the quantum vacuum.
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